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Abstract. The peculiarities of polarilon light scattering under stmng anharmonic interaction 
of the~fundamental vibration with the complex rransition (i.e. polariton Fermi resonance) are 
investigated. It is shown that the polariton Fermi resonance influences the poladton band shape 
and dispersion curves. A detailed comparison with experimental results for a BaTi@ crystal is 
&ed out. 

1. Introduction 

During the last few years the approaches to the investigation of low-frequency vibrations 
with pulse techniques, e.g. pulsed stimulated Raman scattering, have been intensively 
developed [l-51. The application’ of such.techniques is veiy attractive and useful for 
phonon-polariton light scattering. By changing the wavevector value, one can investigate 
lattice excitations of crystals down to decades of reciprocal centimetres where traditional 
Raman scattering or IR absorption cannot be successfully used if considerable damping of 
excitations takes place. The technique advanced becomes especially useful for investigations 
in the range of temperatures near phase transitions. It follows from 11-31 that the proposed 
approach is based on the fact that~vibrational properties of a c ~ s t a l  in a low-frequency range 
can be described by a model of one, two or several oscillators. The probable situation when 
the combined frequencies fall into the fundamental vibrations range and the interaction 
between these vibrations takes place at proper symmetry is not considered here. 

The well known phenomenon of Fermi resonance (FR) has been discovered in the 
CO2 molecule and has also been investigated later for the phonon and polariton spectra of 
crystals [6-9] (and references therein). It may be noted that the  problem of FR and two- 
phonon intramolecular excitations were studied in [8,9] for C& and CSZ crystals by time- 
resolved spectroscopy, similar to [l-51. In particular the relaxation rates for components of 
Fermi doublets were measured in a wide temperature region and conclusions concerning the 
mechanism of relaxation were made. However, the polaritonic problem was not investigated 
in these articles. 

The polariton spectrum band shape and dispersion curves become especially complicated 
 at FR since the intensity of polariton scattering is determined not only by fundamental 
vibration but also by new states which arise owing to FR, namely 

(i) by the range of two-particle states (TF’Ss) which is formed by a pair of ‘free’ phonons 
and 
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(ii) by biphonons, i.e. by a pair of phonons which are 'bonded' by anharmonic 
interaction. The ratio of band intensities depends strongly on the angle of light scattering. 
So it may be that the lower polariton branch i s  not determined by the fundamental vibration 
but is determined by the biphonon which appears owing to FR. 

Therefore in the present paper we would l i e  to pay attention to that in particular. 
According to this idea we develop the theory of light scattering by polaritons in crystals 
taking into account FR and cany out the calculations for the BaTiO3 crystal. This theory 
allows one to obtain the frequency dependence of damping parameters and to clarify the role 
of the crystal parameters including anharmonic interaction in the formation of the polariton 
spectrum. 

The paper consists of the following. In section 2 the microtheory of a crystal is 
considered, and the light-scattering differential cross section, expressed by appropriate Green 
functions, is calculated. In section 3, analysis of the experimental results is carried out, and 
dispersion curves for the BaTiOs crystal are plotted. 

The time dependences of the light-scattering intensity will be considered elsewhere. 

2. Energy operator and light-scattering cross section 

Interaction of the polariton with the TPS band, i.e. the polariton FR, was firstly considered 
in [lo, 111 in which the abrupt changes in the shape of the polariton dispersion curve inside 
the TPS range have been predicted. These changes are caused by critical points in the 
density-of-states function. 

The question about the polariton band shape under the resonance interaction of a 
polariton with the two-phonon band was considered for the simple case when only cubic 
anharmonic terms in the power series expansion of potential energy was taken into account 
[12]. In this case, dispersion curves plotted according to the maxima of scattering techniques 
[6,7] do not exhibit the 'inverse' portion of the curve inside the TPS band predicted by 
u11. 

In the present paper the generalization of this new approach which was developed in 
16.7.121 is carried out taking into consideration all the main factors responsible for FR in 
crystals. We avoid the traditional polariton representation [12,13] in the calculations. As 
was discussed by Tait [ 141, this description of polaritons is very convenient for investigation 
of the damping of the excitations. It provides additional advantages in the case of polariton 
FR. This description allows one to introduce explicitly the important constant of optical 
anharmonism and electro-optical constant. 

Using the second quantization formalism, the Hamiltonian operator, which describes the 
polariton excitation in a crystal lattice, may be written in the form (for h = c = 1) 
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where 

2 43r 
0, = 5 

i mi 
j = 1, . . . , U. 

Here a?. a; and biA, b k h  are the creation and~annihilation operators for a phonon of s 
lattice branch number with wavevector q and for a quantum of electromagnetic field with 
polarization A; osq is the frequency of s and q phonon types; WO is the plasmon frequency; 

U is the volume of the unit cell; V (::,:',',) is the anharmonicity constant; D(skh) is 

the constant of phonon-photon interaction: 6(q' + q" + . . .) is the delta function; N is the 
number of unit cells in the crystal. 

The intensity of the incident light scattered by crystal lattice is given by 17,151 

In this formula ((. . . , . . .))- is the Fourier component of the retarded Green function of 
operators W,' and W, which is proportional to the product of the electronic polarizability 
tensor x i j ,  incident-light polarization vector e,. and scattered-light polarization vector es. 

Expanding the tensor x i j  in the power series and restricting the row by second-order 
terms in the atom displacements and by the linear terms in electromagnetic field, one can 
obtain 

In equation (7), xj')(q) and x f ) ( q )  are the values described by the third-order tensor, and 
they de end on the displacement of atoms and on the electromagnetic field, respectively; 

fourth-order tensor. 
In the case of FR, among all the Green functions in (6), one should take into account 

only those which have resonance in the actual frequency region o - 0 I . k  - 2op,. Thus 
equation (6) is reduced to the following expression ( h  = 1): 

the (2P (t, t - q)-value depends on the .lisplacement of atoms and is described by the 
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where 
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z = x F ) / x f )  is the electro-optic constant; ,O = x g ) / x $ )  is the parameter of optical 
anharmonicity; in the following, we assume that x$)(k), XF)(k) and x$(t ,  k - t)  do not 
depend on the wavevector. 

To obtain the equations of motion for Green functions of type 

G;"@) = ((vi@), d"(0)) )  

G P ( 0  = ((p-a(t)3 vP(0))) 
it is convenient to perform a twofold differentiation on time. Then in Fourier representation 
the system of equations for the abovementioned Green functions reads as 

Here 

cS?, =a& + 20,kRY(kw) 

are the shift and damping, respectively, of frequency due to interaction of the vibration with 
other lattice phonons. 

of the Green function as 

(Svk = oyk + 2RY(kw) R"(ko)  = R; + iR; 

One can obtain the Fourier component G P P  

follows: 
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From equations (12X14), one can obtain 

where the following notation is introduced: 

f ( k o )  = fi + if2 = -E- 
N * &&.) 

A(wkq) = 

(16) 
1 1 

[w2 - ( G p q  f Gp.k-q)21[@2 - (‘?opq - Gp.k -q ) z l  

( 5  + ni)(mZ f G;q - G;,k-q)Gp,k-q f (4 f ni-q)(@2 - G;q f G;,k-q)Gp,q ’ 

Inserting (15) into (10) and (11) and taking into account the notation 
- 2rz f ( kw)  
Glrk =~GwL + 
d - W  k 6 p k  (U = p )  (17) 

1 + 2 A f ( k o )  

p k -  P 

Q& = # 
one can obtain the following system of equations for the functions GLP and G P :  

(w2 - G ? : ~ ) G : ~  + I ~ I D ( u ~ A ) c : , V .  = ~ w ~ ~ s ~ ~  

- D ( S k h ) & G i P  f (wz - Iklz- w i ) G F  = o(pkA). (19) 
(18) 

The solution of this system gives the following expression for the Green functions: 

(20) 
Wpkff G i p  = 

a(& - aik) - o2wZFG O k  

GAP k -  - w 2 D @ W G i p  (21) 
wpkff 

where a = eo02 - lk12, F:’ = opk(d[’)2(Cj ej/mi)-’ is the oscillator strength of the 
0 + p transition. 

The traditional procedure for extracting the ground dielectric function [16] and the 
orthogonality conditions for amplitudes of the lattice atom shift (171 were used to obtain 
(20) and (21). 

One can obtain a system of equations for the second group of Green functions in a 
similar way: 

GYP ( 4, :- It) = ((vL@), v ~ ( 0 ) ( 0 ~ ! ~ ( 0 ) ) )  

GAP ( 4, :- It) = W-,(t), v~(0 )v~ !q (O) ) )  

GPP ( ” - ‘ I t )  = ((v;Wv&W, (04. +P ( 0 )(ok+(0N. +P 
d> k - Q’ 

The solution of the system above produces expressions for the corresponding Fourier 
components: 
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It is clear that equation (22) coincides with (15). This is natural because both equations 

Finally for the Fourier components of the third group of Green functions given by 
describe similar processes. 

GiA(t) = ((pL(t)7 p&.(o))) 
GiA(t) = ((p-,(t), P k ~ ( 0 ) ) )  

one can obtain 

The first term in (26) is real; hence only the second term gives the contribution to the 
intensity of light scattering. 

Substituting equations (211426) into equation (8) and raking into account the relations 

equation (8) may be written as follows: 

where 
-1 a = B (1 - 4 l r Z W Z  -d,f) 

v f f  

Substituting equation (20) into equation (27) and using equations (16)  and (17) for 
f ( k o )  and C2ik the expression for light scattering may be written in the standard form for 
the case of FR [S, 91 as 
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The expression for the cross section, equation (ZS), includes all the main factors 
responsible for the FR phenomenon in the Raman process. It describes the light scattering 
by lattice phonons for small and large angles. Here it should be noted that, in accordance 
with the definition of operators and n,, accepted in this paper, they differ from those 
used in the previous work [IS] by a factor of 1/a. This means that the anharmonic 
parameters ,8, r, A and xi ' )  should be enhanced by a factor of (4)". where n = 2, 3, 4 
and 1, respectively. When this is taken into account, the result of the present work fully 
coincides with the appropriate expression in [IS]. 

We would like to emphasize that the results of Raman light scattering for large angles 
(about 90") are very similar to IR formulae. However, we should take into consideration 
that the meanings of the parameter of optical anharmonicity in the two cases are different; 
for Raman scattering ,8 = x$)/xj') is the ratio of second- to first-order terms in the power 
series for tensor polarizability; for IR, ,8 is the ratio of analogous terms in the expansion of 
the dipole momentum of the crystal unit cell. 

From equations (29) and (30aH30e) one can see that intensity of light scattering by a 
polariton at FR conditions has a complex dependence on the frequency U, the wavevector 
I C ,  the anharmonic parameters p, r and A and the function of the two-phonon density of 
states. For this reason we shall consider some examples to analyse the principal features of 
light scattering for small and large angles. 

3. Experimental results 

As an example we consider the BaTiO3 crystal. In the low-temperature phase (T < 115 "C) 
this ferroelectric has the CZv space group and has one formula molecule in the elementary 
cell. Detailed studies of the Raman spectra of the Ba-03 crystal have been described in 
[19-221. The experimental results and assignment of bands axe discussed intensively and, 
in principle, are in agreement with each other. The polariton spectra were studied in more 
detail in [20] (see also [23]), and so we shall follow these studies in our investigations. 

The polariton curves in [20] were conshucted taking into account the presence of several 
(three) fundamental vibrations. We paid attention to the fact that in the region of spectrum 
considered, overlapping of one- and two-phonon excitations takes place. Therefore the 
effect of FR can be important to the understanding of the spectral features in the region 
studied. 

In accordance with [2&22] the following assignment of the frequency is accepted 
(figure 1): the bands 170, 270 and 520 cm-' are the one-phonon excitations while the 
broad bands a E 270 cm-' and ,8 N 520 cm-' are the second-order vibrations. There 
are also three narrow bands 185, 475 and 725 cm-' assigned to the first order which are 
observed in the LO phonon spectrum. Such an assignment was confirmed in the review in 

However, not all the TO (170, 270 and 520 cm-') and LO (185, 475 and 725 cm-') 
bands mentioned above may be attributed to first-order transitions (fundamental frequencies). 
The reason is that complex mixing of one- and two-phonon vibrations takes place in the 
BaTiO3 crystal for the spectral range under consideration. In particular, the polaritonic 
Fermi resonance (PFR) occurs due to the coincidence of the intensive fundamental vibration 
o = 270 cm-' with two-phonon a-band vibrations. 

The experimental spectra for different angles 0 of light scattering are plotted in figure 2 
(solid curves). For the theoretical description of the band shape at FR conditions the 
function f(ICo) of the two-phonon density of states is very important. It is determined by 

[231. 
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Figure 1. The spectrum of Raman scattering of the 
BaTQ crystal in the A, excitation geometry (from 
[201): (a) TO phonons in the X(ZZ)X+ AY geometry: 
(b) LO phonons in the X(ZZ)X + AZ geometry. 

@) qllZ 

475 

the dispersion law wpk(2wpq - 
taken in the generalized form 

wpq = op + Mf cos(q,a,) + M; cos(qyuy) + M," cos(q,u,). 
Varying the values of Mp, M; and M:, one can obtain different structures of the two-phonon 
bands which significantly influence the spectrum. 

It is necessary to emphasize that the light-scattering cross section d2u/(do dS2) = S" is 
the function of two variables k and o. Thus it is convenient to investigate S" as a function 
of one variable (the other variable, e.g. k, being fixed). The successive set of such functions 
S''(ki constant) makes it possible to obtain the dependence of the polariton band shape 
on wavevector (or scattering angle 4). Experiments are usually carried out at constant 
angle q between the directions of incident (0') and scattered (os) light. The relation 
between k and q follows from the conservation law for the wavevector: k = kL -ks. 
Then lklZ = eo(@* + w",*), q << 1. Using the values of frequencies corresponding to the 
maxima of light scattering for given k,  reconstruction of the polariton dispersion curve is 
possible. 

Analysis of the experimental spectra and its comparison with the theoretical curves 
obtained according to equations (29) and (30u)-(30d) shows that the best fitting takes place 
if we use the ratio Mp > M:, M: in the description of the dispersion law opp. Fitting of 
the theoretical results to the experimental spectra is fulfilled in the following way: firstly 
we achieve good agreement for large-angle scattering (q N 90') (curve 4' in figure 2), and 
then we generate curves 3'-1' by varying q from 90" to 0". The fitting parameters are the 
following: G = 0.42, A = 0.11, b = 0.08 and oiFLh = 1750 (the energy parameters are 
given in units of 2Mp = 2(M[ + M; + M:) = 45 cm-'). 

The value of or0 unperturbed by FR is 265 cm-'. The small maximum at o N 170 cm-' 
observed for large scattering angles q (figure 2, curve 4) is the biphonon split from the two- 
phonon (Y band due to its anharmonic interaction with the fundamental vibration -0. In 
the region of very small scattering angles (q < I") the increase in the calculated biphonon 
maxima is significant. This is evident from curves 1-3 in figure 2. The shifts of the maxima 
at o = 170 cm-' and w = 270 cm-' versus k (i.e. 4). which are obtained from the data in 
figure 2, are plotted in figure 3 (broken parts of curves 1 and 2) and show good agreement 
with the experimental data (solid curves with open circles). 

Figure 3 shows an additional polariton curve 4 which begins at about 700 cm-'. This 
means that the experimentally observed band at o N 715 cm-' (LO) can be considered as the 
LO component of the fundamental or0 = 270 cm-'. The sharp maxima at o N 170 cm-' 
and o N 185 cm-' (in figure 1) can be assigned then to the TO and LO components of 
the biphonon, split from the two-phonon U band. The maximum at o N 520 cm-' is due 

For model calculations the frequency opq may be 

(31) 

U 
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Figure 2. The spectra of polariton s c a r i n g  of 
the BaTiO, u y s t a l  in the AI excitation geometry for 
various scattering angles 8: curve 1, 8 = 0.89; curve 
2, 8 = 2'; curve 3, 0 = 4'; curve 4, 0 = 8"; -, 
experimental results [ZO]; - - -. our calculation. 

Figure 3. Comparison of experimental (-0-) and 
theoretical (- - -)dispersion curves of polaritons in the 
fxquency range of fundamental TO vibration and of 
TPS bands (regions indicated on the frequency axis) of 
the BaliCh crystal. 

to the maximum in the density of two-phonon states in the b zone, which corresponds to 
2 ~ 0  540 cm-' transitions. 

Thus, for BaTiO3, taking into account the anharmonic interactions between vibrations, 
i.e. PFR, makes it possible to explain the principal feature in the polariton and Raman 
spectra for AI-type symmetry in the frequency range o Y 1800-800 cm-'. 

4. Summary 

For the correct description of polariton scattering under the conditions of FR it is necessary 
(as is seen for the example of a BaTi03 crystal) to consider accurately the cross section 
spectral dependence. This procedure is necessary since the cross section maxima may 
disagree with the denominator minima due to the complicated frequency dependence of 
equations (29) and (30u)-(30e). This is obviously the main reason for the inconsistency 
between the results of [I21 and the conclusions obtained in [ll] about the regularity of 
polariton scattering inside TPS bands. Outside this band, where the influence of the two- 
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phonon-states density function f ( k o )  is small, these inconsistencies are less significant and 
the dispersion dependences obtained by both methods of calculation are similar. 

A M Ymemh and D I Ostrovskii 
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